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Abstract 

We derive the minimal Fock-state expansions of the pion and the photon wave functions in light- 
cone formalism, then we calculate the pion-photon and the photon-pion transition form factors of 
7*7T° — > 7 and 7*7 — > 7r° processes by employing these quark-antiquark wave functions of the pion 
and the photon. We find that our calculation for the 7*7 — ► 7r° transition form factor agrees with 
the experimental data at low and moderately high energy scale. Moreover, the physical differences 
and inherent connections between the transition form factors of j*ir° — ► 7 and 7*7 — ► tt° have been 
illustrated, which indicate that these two physical processes are intrinsically related. In addition, 
we also discuss the 7r° — > 77 form factor and the decay width r(ir — ► 77) at Q 2 = 0. 
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I. INTRODUCTION 



The light-cone formalism provides a convenient framework for the relativistic description 
of hadrons in terms of quark and gluon degrees of freedom In this formalism, the hadronic 
wave function which describes a hadronic composite state at a particular light-cone time r 
is expressed in terms of a series of light-cone wave functions in Fock-state basis, for example, 
for the pion 

k> = ^2\qq)i>qq + ^2\qqg) , 4> q qg + --- , (i) 

and the temporal evolution of the state is generated by the light-cone Hamiltonian H^ D . 
Similar with 7r°, we assume that the photon may also have this kind of Fock-state expansion 

|7> = X>>^> ( 2 ) 
for application to QCD involved processes. To simplify the problem, we only take into 
account the minimal Fock-states of the pion and the photon, which are the lowest valence 
states of their light-cone wave functions and the first order contributions in the calculation. 
This consideration will be proved reasonable by the good agreement between the numerical 
results and the experimental data. 

We will derive the quark- ant iquark wave functions of the pion and the photon by em- 
ploying the light-cone Fock expansion of the minimal Fock-states. Brodsky et al. (3, [J have 
discussed the relativistic QED composite systems by giving explicit the light-cone wave func- 
tions for the two-particle Fock-states of the electron in QED. Along with the similar idea, 
we try to obtain the Fock expansions of the photon and the pion wave functions by calcu- 
lating their vertexes in this paper. After that, we discuss the pion-photon (7*71° — > 7) and 
the photon-pion (7*7 — > tt°) transition form factors in the light-cone quark model. There 
are many other different approaches to discuss these two transition form factors, such as 
the perturbative QCD formalism by Brodsky-Lepage ?4j and Cao-Huang-Ma jsj], as well as 



D 



fs [6] for the 7*7r° — ► 7 transition, the QCD sum 



a light-front quark model by Kroll-Rau 
rule calculation by Radyushkin-Ruskov [7], and a light-front quark model by Hwang |S| for 
the 7*7 — > 7T° transition form factor. However, few people notice that these two transition 
form factors are physically different although they have inherent connections. In this work, 
we also try to elucidate the intrinsic relations and differences between these two cases in 
the light-cone formalism, thus arrive at a more clear understanding on the transition form 



factors of 7*7r° — > 7 and 7*7 — > 7r° processes. 

The paper is organized as follows. In Sec. II and Sec. Ill, we will derive the pion and the 
photon wave functions with helicity structure by the relativistic vertex method of calculating 
the light-cone matrix elements that developed in Refs. . In Sec. IV, we obtain the pion- 
photon and the photon-pion transition form factors by using the pion-quark-antiquark and 
the photon-quark-antiquark wave functions. In Sec. V, we present a brief summary. 

II. THE TWO PARTICLE FOCK-STATE OF THE PION VERTEX 

We now derive the minimal Fock-state wave function of the pion in light-cone formalism. 
From the Fock-state basis of the pion vertex Eq. (JIJ), we will employ two different methods to 
get the quark- ant iquark wave function of the pion in this part of the paper. One is from the 
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light-cone quark model by taking into account the Melosh-Wigner rotation effect 0, ^ 
and another is from a full relativistic field theory treatment of the interaction vertex 
It will be shown that the results from these two methods are essentially identical. 

In the light-cone quark model, the light-cone wave function of a composite system can be 
obtained by transforming the ordinary equal-time (instant-form) wave function in the rest 
frame into that in the light-front dynamics, by taking into account the relativistic effects such 



dynamics, Dy taxing 1 



as the Melosh-Wigner rotation [3, UJJ, llll LL2l LUa UJ{- In the pion rest frame (q\ + q2 = 0), 
the ordinary SU(6) quark model spin space wave function of the pion is 

XT = (x\xi-xlx{)/V2, (3) 



in which is the two-component Pauli spinor and the two quarks have 4-momentum 
Qi = (^lil) an d I2 — (<?2> — 1)> with q® = (m| + q 2 ) 1 / 2 , respectively. The instant-form 
spin states I J, s) r and the light-front spin states \J,X)f are related by the Melosh-Wigner 
rotation U J 

\J,\) f = Y,U!x\J,8)t. (4) 



Applying the transformation Eq. (@J) on both sides of Eq. (jSJ), we can obtain the spin space 
wave function of the pion in the infinite-momentum frame. For the left side, i.e., the pion, 
the transformation is simple since the Melosh-Wigner rotation is unity. For the right side, 
i.e., the two spin-1/2 partons, the instance-form and the light-front spin states are related 
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by the Melosh-Wigner transformation 15l lid. Il7| 



X}(T) = u Ji [( q + + m i ) X l(F)- q K X l(F)}, 
X \{T) = u i [(q+ + m i )xi(F) + q^ X ](F)], 



(5) 



where u>i = [2qf(q® + mj)] 1 ^ 2 , qf' L = q}±i qf, and qf = q® + qf- Then we get the light-cone 
spin wave function of the pion (mi = m 2 = m) , 



X K (x,k ± ) = C^(x,k ± ,X 1 ,X 2 )xt(F) X ^(F), 



(6) 



Ai ,A 



1,^2 



where the component coefficients Cj =Q (x, kj_, Ai, A2), when expressed in terms of the instant- 
form momentum g M = (q°, q = k), have the forms: 



C^(x,k ± , t = +UiUJ 2 {(qf + m 1 )(q+ + m 2 ) - q 2 ± ]/V2, 

Co(x,k x , I , T) = -uxu 2 [{qt + m 1 )(g+ + m 2 ) -tfi]/y/2, 

C?(x, k ± , T , T) = ujuv^qt + mi)q% - {qt + m 2 )q^]/V2, 

k C£(x, k ± , I ,|) = unutofat + mi)q? - (qt + m 2 )q?}/y/2, 



(7) 



which satisfy the relation, 



C£(x, k ± , A 1; X 2 )*C^(x, k ± , A l5 A 2 ) = 1. 



(8) 



Ai .A2 



We can see that there are also two higher helicity (Ai + A2 = ±1) components in the 



re ordinary helicity 
1911 come from the 



expression of the light-cone spin wave function of the pion besides t 
(Ai + A2 = 0) components. Such higher helicity components 9. 10. 1 
Melosh-Wigner rotation, and the same effect plays an important role to understand the 
proton "spin puzzle" in the nucleon case 0, I^J. One may also state that these higher 
helicity components contain contribution from orbital angular moment from a relativistic 



viewpoint 



2l\ . Therefore we can obtain the light-cone representation for the spin structure 



of the pion, which is the minimal Fock-state of the pion light-cone wave function: 



^(x,k ± ,t,|) = + 
* wfl (x,kj.,J.,T) = - 
^(x,k ± ,t,T) = - 

Vn R (x,k ± ,ll) = - 



m 

y /2(m 2 +k 2 _ L ) 

k\—ik2 
y/2(m 2 +kl) 

ki+ik-2 
v /2(m 2 +k2_) 



<p v , [l Z = 0] 

<p v , [l z = 0] 

<P*, [I" = "I] 

<Pn [l Z = +1] 



(9) 
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in which we may employ the Brodsky-Huang-Lepage (BHL) prescription 22 



(Ptt(x, k) = Aexp 



1 k* 



m 



(10) 



S/? 2 x(l -x)_ 

for the momentum space wave function. Each configuration satisfies the spin sum rule: 
J z = Sg + S~ + l z = 0. Hence, the Fock expansion of the two particle Fock-state for the pion 
has four possible spin combinations: 

d 2 k , dx 



|^(P+,P ± = ± )> = / 



1671- 3 



x k ± , T, I) \xP+, k ± , T, |) + *„ R {x, k ± , I, t) \xP+, k ± , |, |) 

+^(x, k ± , T, T) k ± , t, T) + ^r(x, k ± , i, |) \xP+, k ± , I, I)] . 



(11) 

To get the Fock-state spin wave function of the pion, we adopt here another simple way 
in the full relativistic field theory treatment of the interaction vertex along with the idea in 
. We assume that one can consider the pion vertex connecting to two spin-i fermions 
(e.g. two quarks) by only taking into account the minimal Fock-state. In the standard 
light-cone frame for the pion form factor, 



Pi 


= (xP^ 


_ p 2 | +m 2 v 
, £p+ ,Pl±) 


P2 


= ((1- 


■x)P+, 


P2 X +m 2 
(l-x)P+ 


P 


= {P\ 


p+, u± 


), 


P' 


= (P'+ 


pi+ 1 


P'±), 




= (o,§ 


2 \ 





(12) 



we can obtain the above four components of the spin wave function by calculating the matrix 
elements of 

771 i t . / t V \ rl/i r n — ^J-) 



u(Pi,Pi,k±) v(p%,p 2 

75 7= 



from which we have 



'Pi 



It Dl 

—75 — 



I Pi 

2mP+ 



'Pi V Pi 
VPl V p 2 



'Pi 



=75" 



/„'+ 



75" 



4ira(l-i)P+ 2 ' 

2rraP+ 
'4mx(l-i)P+ 2 ' 

2(fci-ifc 2 )P + 
4mx(l-a;)P+ 2 ' 

2(k 1 +ik 2 )P+ 
4mx(l-x)P+ 2 ' 



(14) 



'Pi V P 2 

After the normalization, we can get the same result of Eq. (JHJ) too. 



5 



Furthermore, we can get {^> n (P + , P_l = 0j_) | from the matrix elements of 



so that 

(* w (P+,Pj 



^(P2",P 2 >- k ±) «(pi",Pi,kj 

J=F 75 



'Pi 



(15) 



d 2 k x da; 
16tt 3 



x [* ffL (x, k ± , T, |) (xP+, k ± , t, || + k ± , |, t) (xP+, k ± , t, 

+*« L (x } k ± , T, T) (xP + , k_L,T,T| + k ± , I, I) (zP+, k ± , j, . 



in which, 



**l{x, k ± , T, I) : 
* w x(ar, kj., J., T) = 

k ± , T, t) = + 



m 

^2^2 +k ± ) 



(16) 



(17) 



^ L (x,k ± ,l,|) 



I k 1 -ik 2 



A/2(^2+i4) 

Therefore, we can get the pion elastic charge form factor through the definition: 
(* ff (P)| J+ I^t (P)) 5 3 (P + q - p') = F n (Q 2 )(P + P'), where J» = qerfe q q is the vec- 
tor current, 

P.+ (Q 2 ) = (e u + ej) f\x [ f„ k t ^^ k± /F ^4==^(x,kl)^(x,k ± ), (18) 
in which k' x = kj_ + (1 — x)q_i_ for the final state light-cone wave function when taking into 



account the Drell-Yan-West assignment 



III. THE TWO PARTICLE FOCK-STATE OF THE PHOTON VERTEX 

Similar with the pion vertex and with the same assumption, we can also obtain the spin 
wave function of the spin-1 photon from the minimal Fock-state basis of the photon vertex 
Eq. (J2J) by calculating the matrix elements of 

v(pt,P2,P2±) *u(Pl,Pl,Pl±) / 1n s 

r=r 7-e 7=F , (19) 



VP2 yPi 
which are the numerators of the wave functions corresponding to each constituent spin 
S z configuration. The two boson polarization vectors in light-cone gauge are e M = (e + = 



0, e ,e_i_), where e±^i = =F^(x± y). To satisfy the Lorentz condition k photon ■ e = 0, the 
polarizations have the relation e~ = 2e t+ k± with kh 



b hoton i 



*i(x,k ± ,U) 

u " u U) 
T,T) 

^i(x,k ± ,U) = o, 



*l(x,k 





[P 


= +1] 


1 x ^7> 


[I- 


= +1] 




[*' 


= 0] 



(20) 



in which: 



<^7 



D 



A 2 - 



l 2 +k2 



1 2 +kg_ 
1-x 



(21) 



where A is the photon mass and equals to 0. Moreover, as Lepage and Brodsky had mentioned 
in jj], the transition form factor of the process 7*7 — > 7r° has the energy denominator 

m 2 + k'? m 2 + k'i 2 



D — X 



(22) 



a; 1 — x 

where k' ± = kj_ + (1 — x)c\± for the final state light-cone wave function when taking into 
account the Drell-Yan-West assignment j^J. Each configuration satisfies the spin sum rule: 
J z = S z + 5| + l z = +1. Therefore, the two particle Fock-state for the photon (J z = +1) 
has four possible spin combinations: 



d 2 k_Ldx 
16vr 3 

*{(x, kj, T, I) <xP /+ , k ± ,|,|| + k ± , 1, t) (xP'+, k ± , 1, 1 1 



+M> L (x, k ± , T, T) xP'+, k ± , t, T + *' L (x, k ± , I, |) (xP' + , k ± , I 



(23) 



and respectively we can get the wave function of the photon which J z 



r ^(x,k ± ,t,i) = -^ tM ^ ) r = -i] 



Vi(x, kj 



U) = 4 

i(x,k ± ,t,T) = o 



V2(k 1 +ik 2 ) 



1-x 



xii-x) L Pi-' 



<p 7 , [l z = -1] 



[l z = 0] 



(24) 
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<^(P'+,P1)I = / 



d 2 k_LcLr 
16tt 3 



x 



*i(x, k ± , T, I) (xP /+ , k ± , T, l| + k ± , I, T) (*P ,+ , k ± , I, t 
k ± , T, T) <^P ,+ , k ± , T, T | + k ± , |, |) <xP /+ , k ± , |, 



(25) 



By calculating the matrix elements of 



u(pt, Pi, Pi±) v{pt,p 2 , p 2 ±) 
-7 • e 



(26) 



we obtain ^ (P /+ , P'j_)), which is the conjugate part of (P /+ , P'j_)| 



^(x,k ± ,U) = -^±^ 7 , 



\Z2(fci+ifc 2 ) 



*i(x,k ± ,i,t)=4 
[ *i(x,k ± 44)=o, 



y 7 > 



(27) 



d 2 k ± dx 
16tt 3 



x 



^(x, k ± , T, I) \xP' + , k ± , t, I) + tf R (x, k ± , I, t) |xP' + , k ± , I, T> 
+tf R (x, k ± , t, T) |*P'+, k ± , T, T> + *r(x, k ± , |, |) \ X P'+, k ± , l, l) 

(28) 

From above calculations, we can arrive at the following conclusions: when a composite 
system is transformed from an ordinary equal-time frame to a light-cone frame, the spin 
of each constituent will undergo a Melosh-Wigner rotation, and these spin rotations for 
the constituents are not necessarily the same since the constituents have different internal 
motions. Therefore, the sum of the constituents' spin is not Lorentz invariant. For example, 
although the pion has only the Ai + A2 = spin components in the rest frame of itself, it 
may have Ai+ A2 = ±1 spin components in the light-cone frame (infinite-momentum frame), 
in which Ai and A2 are the quark and the antiquark helicities, respectively. We could also 
obtain the similar results in the Fock expansion of the photon wave function, in which there 
are the Ai + A 2 = helicity states for a vector particle in the light-cone frame. The similar 



conclusion is also true in pure QED case of the electron as a composite system of two Fock- 
state particles [jj. These general results for the spin structure of composite systems are 
distinct from the naive intuitive expectation that the quark spins sum to the hadron spin, 
and support the viewpoint that the proton "spin puzzle" can be understood as due to the 
relativistic motion of quarks inside the nucleon in the light-cone formalism 



IV. PION-PHOTON AND PHOTON-PION TRANSITION FORM FACTORS 

In this part, we study the pion-photon and the photon-pion transition form factors, and 
perform our theoretical and numerical analysis respectively In addition, we discuss the 
7T° — > 77 form factor and the decay width r(n — ► 77) at Q 2 = 0. As a matter of fact, 
we can find that F 7 . 7r _ >7 (0) = F 7 * 7 _» 7r (0) = F^^O) for these three processes at Q 2 = 0. 
Theoretically and generally speaking, the transition form factor calculated by Brodsky- 
Lepage Q, Cao-Huang-Ma fl, aad KreU-Raulfs Q should be the pion-photon transition 
form factor 7*7r° — > 7 in the physical process e + 7r° — > e + 7, as e — > e provides the virtual 
photon. This should be physically different from the photon-pion transition form factor 
7*7 — > 7T° as can be realized ine + e— *> e + e + 7r° or e + A (Nu cleus) — > e + A + tt°. The 
7*7 — > 7T° transition form factor has been measured at Cornell and at DESY 25] through 
the e + + e _ — >• e + + e _ + 7r° process, while the latter process e + A (Nucleus) — > e + A + n° 
can be performed by the HERMES Collaboration or other facilities. By employing these 
experimental data, Hwang and Choi-Ji discussed the transition form factors 7*7 — > tt° and 
7*7* — > 7T° theoretically in 



A. 7*7T° -» 7 TRANSITION FORM FACTOR 

From the pion and the photon vertexes in form of wave functions that we have got, we 
can naturally obtain the 7*7r° — > 7 transition form factor from its definition. The form 
factor F 7 . 7r ^ 7 , in which a pion is struck by an off-shell photon and decays into an on-shell 
photon, is defined by the 7*717 vertex, 

T M = -ie 2 F r ^{Q 2 )e llvpa ple p q\ (29) 

in which q is the momentum of the off-shell photon, — Q 2 = q 2 = q + q~ — = — qi, and e 
is the polarization vector of the on-shell photon. 
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For the physical state o 

I 

of freedom into account |4 , 



7T°, one should also take into account the color and flavor degrees 



\u a u b 



> 



d a d 



(30) 



where a and b are color indices, n c = 3 is the number of colors, and now \q a q b ) contains the 
full spin structure in Sec. II. Therefore, we can get 

T+ = (*T (P'+, py | J+ |* w (p+, P± )> 5 3 (p + q - p'). (31) 
As a matter of fact, we can get the same result if we use Pj_)|- Then we get: 



7 7T— >7 



(Q 2 



-ie 2 (e ± x qj_)p- 



2v/3(e^ 



dx 



m 



d 2 k ± 
16vr 3 

1 



a; A/m 2 + 

V3(«£ - e 2 ,) /* dx 
Jo 



m 



x ^Jm? + k^ 



x 



d 2 k ± 
16vr 3 

1 



l-.r 



+ (1 <-> 2) 



^(x, kj 



+ 



l-x 



(32) 



The arguments of the final states of the light-cone wavefunction are k' ±i = kj^ + q_i_ — Xjq_i_ 
for the struck quark, k', „■_ = kj_j — Xiq± for the spectator quark after considering the Drell- 
Yan-West assignment 



23j , and the virtual photon momentum is specified with q + = to 
eliminate the Z-graph contributions. Therefore, we can obtain the internal quark transverse 
momentum of the struck pion k' ± = kj_ + (l — x)q_i_ in the center of mass frame. For the struck 
particle of the process, we should employ the Drell-Yan-West assignment in the derivation 
of the formula for the transition form factor. The reason is that if we do not know the wave 
function of a moving particle (the struck particle after the virtual photon vertex), we can 
adopt the wave function in the rest frame of this particle after using the Drell-Yan-West 
assignment. Hence, the rest frame wave functions for the struck particle both before and 
after the virtual photon vertex can be used in the calculation of the transition form factor, 
even if the struck particle is in a rest frame before the virtual photon vertex and in a moving 
frame after the virtual photon vertex. 
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Furthermore, we can obtain the 7*7r° — > 7* transition form factor by substituting a virtual 
photon 7* for the on-shell photon 7, which means to substitute — Q' 2 for A 2 and gives: 



F 7 *_ 7 *(Q 2 ,Q' 2 ) = 4V3(e 2 u - e 2 ) J dx J ^±^( x ,k A 



m 



^m? + k 2 



x 



X 



The leading order behavior of F 7 » 7r ^ 7 . (Q 2 ) can be obtained by taking limits of 
Q' 2 — > 00, thus we can get: 

1 



F r ^ r (Q\ Q' 2 ) = ^(e 2 - e 2 ) / dxfa 

Jo 



xQ> 2 + (l-x)Q 2 ' 



which is equivalent to the results given in 



(33) 
00 and 

(34) 



B. 7T° -> 77 FORM FACTOR AND DECAY WIDTH r(vr -» 77) 

From general consideration, the 7r° — > 77 form factor can not be calculated in the q + = 
frame. Other choice of will cause contribution from Z-graphs, and it should give the same 
result as that in the q + = case if all graphs are taken into account [2^ . Therefore some more 
complicated diagrams should be included. Fortunately, we find that F n ^ 7 (0) = F^*^ n (0) 
when Q 2 = 0. It is well known that F n ^,^(0) is related to the two photon partial decay 
width of pion r(7r — > 77) by 24j: 

2 647r/ 1 (7r — > 77) 



\F n - 



►77 



(35) 



(47ra) 2 M3 ' 

where a is the QED coupling constant, M n is the pion mass and r{ir —>■ 77) is the two- 
photon partial width of the pion. In addition, we can obtain: 



F 77 ,^(0) = F_ 77 (0)=4v / 3(e 2 -e 2 )^ dx J 

m I 

(p^(x,k 



d 2 k ± 

167T" 



X - 



:^Jm 2 + 

Hence, we can get r(7r — > 77) from above calculations. 



1-x 



(36) 
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C. 7*7 -► vr° TRANSITION FORM FACTOR 



By using the Fock expansions of the pion and the photon wave functions that we have 
got above, we can naturally obtain the 7*7 — > 7r° transition form factor from its definition. 
The form factor F 7 * 7 _,.^.o, in which an on-shell photon is struck by an off-shell photon and 
decays into a pion, is defined by the 7*771 vertex, 



XQ 2 )WPW, (37) 

in which q is the momentum of the off-shell photon, — Q 2 = q 2 = q + q~ — = — q^_, and e 
is the polarization vector of the on-shell photon. In the light-cone frame: 

pi = (*p+,4±^,k ± ) 



xP+ 

((i-*)P+ rS^-kx), 



' (l-z)P+ 



g +q- 
p+ ' 

M 2 







(38) 



^ = (^ + ,J£,q±), 
Q = (0,^,q±), 



so we can get 



r+ 



-ie 2 (e ± x q ± )p; 

-4^^ - e 2) / dx 
./o 



d 2 k, 

167T 5 



? n (x, kj_ 



m 



x^/m 2 + k^ 



x- 



(39) 



p _ mHk^ _ m 2 +k 2 
x 1— x 

in which k' ± = kj_ + (1 — x)q± after considering the Drell-Yan-West formula, and A (= 0) is 
the photon mass. 

Moreover, we can get the equivalent F^* W (Q 2 ) if we choose another different light-cone 
frame: 

' Pi = (xP\ ^f-/ +m2 ,xP ± + k ± ) 
p 2 = ((1 - x)P\ ((1 -^- k p V 2W , (1 - x)P ± - k ± ), 



Pi 



(xP'\^,k\), 

(p+,^i,p ± ), 



(40) 



q = (o,^,<u), 
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in which Pj_ = — qj_, and k' ± = + (1 — x)q±. 

F ir ^{Q 2 ) = -4v/3(e^ - el) f dx f ^^(*, k'J—^l—I, (41) 

Jo J 167T xJm 2 + k'?D 



where 



D = P 



2 (xP ± + k ± ) 2 + m 2 ((l-x)P ± -k ± ) 2 + m 2 
x (1 — x) 

+ m 2 k 2 | + m 2 



x ( 1 — x) 



(42) 



Therefore, it is obvious that F 77 *^ 7r (Q 2 ) we have got is frame invariant. In the first frame, 
we employed the Drell-Yan-West formula in the process of obtaining F 77 *^ vr (Q 2 ), while in 
the other frame we did not use the Drell-Yan-West formula. We want to emphasize that 
the Drell-Yan-West formula is more convenient and simple although these two methods can 
give the same results. 

Furthermore, we can obtain the 7*7* — > n° transition form factor by substituting a virtual 
photon 7* for the on-shell photon 7, which means to substitute — Q' 2 for A 2 and gives: 



F ri ^AQ\Q' 2 ) = V3(e 2 - e 2 ) jf* dx J ^^(x,k' ± 



m 



x^Jm 2 + k'j 2 



X U + =!±ii + =f±iij' (43) 

D. NUMERICAL CALCULATIONS 

In the formula of the transition form factor Fj 7 *^ n (Q 2 ), the parameters are the nor- 
malization constant A, the harmonic scale (3, and the quark masses m. In order to take 
a numerical calculation of the transition form factor F Ty *- tn (Q 2 ) and compare it with the 
available experimental data, we need to employ three constraints to fix those three parame- 
ters above. Thus, we can determine all these three parameters in the transition form factor 
uniquely. 



1. The weak decay constant f n = 92.4 MeV defined |2 



obtain Eq. (J44j) and Eq. (J45|) from our former work P, [ll( or Hwang's paper [8| respectively: 
/, f\ fd 2 k ± (fc+ + m)(fc 2 + +m)-k L 2 



from 7r — > fiu decay, thus one can 



2V3 J J 16tt 3 [(fc+ + m )2 + k i 2 ] 1/2 [(fc++mf + k J 
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^ = l dx I d T^7^k?' Mx - kl) ' (45) 



One can prove that Eq. (pHj) is identical to Eq. ()45|) after some deduction, by using qf = x-iM 

and M ={m 2 + \s? ± )/x(l - x) Q. 

2. The charged mean square radius of tt + is defined as: 



2 a dF 7T+ (Q 2 ) l 
( r n+) = -6 dQ2 Iq 2 =o- (46) 



We can find the experimental value of (r%+) = 0.439 ± 0.003 fm 2 .|28||. 

3. The decay width r(7r° — > 77) has the following relationship with i^ 77 (0) and F 77 .„-(0) 



2J: 



2 647r/ 1 (7r° — > 77) 



|F 77 ._(0)r = |F_ 77 (0)r = (4to)2M 3 (47) 



and we could use r(n° 77) = 7.74 ± 0.54 eV |2J, which leads to F^ 77 (0) = 0.27 ± 
0.01 GeV -1 in our calculation. 

Therefore, we can obtain m = 200 MeV (e.g., for the up quark or the down quark, 
assuming m u = rrid = m), (3 = 410 MeV, and A = 0.0475 MeV" 1 . Reversely, we can 
compute the values of f^, (r^+), and r(ir —> 77) by using the above four parameters: 

f n = 92.4 MeV, (48) 

(rl+) = 0.441 fm 2 , (49) 

F 7r _ 77 (0) = 0.271 GeV" 1 , (50) 

r(n -> 77) = 7.56 eV. (51) 

The results are in good agreement with the experimental data which we have listed above. 
Moreover, it is interesting to notice that the masses of the light-flavor quarks (the up and 
down quarks) from the above constrains are just in the correct range (e.g., 200 ~ 300 MeV) 
of the constituent quark masses from more general considerations. Naturally, the transition 
form factor results emerging from this assumption are in quite good agreement with the 
experimental data. 

Fig. 1 indicates that the theoretical values of the photon-pion (77* — > tt) transition form 



factors fit the experimental data well, especially in the case of 



this work as a light-cone version of relativistic quark model [9 

14 



11 



ow Q . One may consider 



3, 



which should be valid 




8 9 10 



Q 2 (GeV) 2 



FIG. 1: Theoretical prediction for the results of Q 2 \F 11 *^ 1T {Q 2 )\ calculated with the pion wave 
function in the BHL prescription compared with the experimental data. The data for the transition 
form factor are taken from Ref. 24] and Ref. UL 



in the low-energy scale about Q 2 < 2 GeV 2 . However, it is also physically in accordance 
with the light-cone perturbative QCD approach , which is applicable at the high-energy 
scale of Q 2 > 2 GeV 2 . The reason is that the hard-gluon exchange between the quark and 
the antiquark of the meson, which should be generally considered at high Q 2 for exclusive 
processes, is not necessary to be incorporated in the light-cone perturbative QCD approach 
for the pion-photon transition form factor (4, 0|. As a result, there is no wonder that our 
predictions for the transition form factor at high Q 2 also agree with the experimental data 
at high energy scale. Moreover, our numerical result fits the perturbative QCD result well 
in the limit Q 2 —>■ 00 which was first given by Brodsky and Lepage 
Lepage found that 



29|. Brodsky and 



lim Q 2 \F^ r ^ n (Q 



2U, 



(52) 



in which f n is the decay constant. This result predicts that any mesonic wave function evolves 
to asymptotic wave function in the limit Q 2 — > 00. To describe the soft nonperturbative 
region of Q 2 with a simple interpolation between Q 2 — > 00 and Q 2 — > limits, they have 
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proposed 



77 



1 1 



(53) 



in |29|. We also discover that our numerical prediction for Q 2 \F\ 1 *^ n (Q 2 ) \ is quite consistent 
with the numerical result j^J of Eq. (J53]). see e.g., Fig. 21 of jgJl- 



> 

CD 
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■ I i 
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0123456789 10 
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FIG. 2: Numerical results of 77* — > tt transition form factor compared with the 7*7r — > 7 transition 
form factor, represented by the dashed and solid lines respectively. 

To illustrate the intrinsic relation between the 77* — > n and the 7*7r — > 7 transition 
form factors, we also carry out the numerical calculation of Fr 1 * 7T _ tJ (Q 2 ) compared with the 
numerical results of F^ J *^ 7T (Q 2 ), as shown in Fig. 2. We find an interesting result that 
F 1 * 7T ^ 1 (Q 2 ) is equal to F ir *^, n (Q 2 ) when Q 2 varies from GeV 2 to 10 GeV 2 . Although 
F^^^Q 2 ) and F 1 *^ 1 (Q 2 ) are physically different in the formulae as we have shown above, 
Fig. 2 indicates that they are numerically identical at very high precision, which imply that 
F^ 7 *^ 7T (Q 2 ) and F 7 * 7r ^ 7 (Q 2 ) have the same Q 2 dependence. The identification of Eq. (J3~2~|) 
and Eq. (jHfjjl can be proved by making the variable transformation: — > ka — (1 — ^)q_i_ and 
then — + — q± for Eq. (jHHJ). In fact, the identification of the two form factors can be under- 
stood from time-reverse invariance as well as parity symmetry for QED and QCD processes. 
Therefore, we can safely arrive at another important conclusion that i 7 7 * 7 *^ 7r (Q 2 , Q' 2 ) and 
F 7 * 7r _ +7 ,*(Q 2 , Q' 2 ) should be numerically identical as well as having the same Q' 2 dependence, 
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unless novel new physics beyond QED and QCD will be involved. This conclusion is consis- 
tent with the results in P (for F rn ^ r (Q 2 ,Q' 2 )) and [8] (for F rr ^(Q 2 , Q' 2 )) when taking 
the Q 2 — > oo and Q' 2 — > oo limits, 

F 7 ^ r (Q 2 , Q /2 ) = F r ^(Q 2 , Q' 2 ) = AV3(e 2 u - e 2 d ) J* dr^(x) xg/2 - * _ x)Q2 ■ (54) 

V. CONCLUSIONS 

The light-cone formalism provides a convenient framework for the relativistic description 
of hadrons in terms of quark and gluon degrees of freedom, and for the application of 
perturbative QCD to exclusive processes. In the application of the light-cone quark model, 
we obtain the minimal Fock-state expansions of the pion and the photon wave functions 
from the light-cone representation of the spin structure of pion and photon vertexes, then 
we investigate the pion-photon and the photon-pion transition form factors of the processes 
7*7T° — > 7 and 7*7 — > tt° by employing the quark- ant iquark wave functions of the pion and 
the photon that we have obtained. We employ the experimental values of the pion decay 
constant the electromagnetic charged mean squared radius (r 2 +), and the decay width 
-T(7r° — > 77) as the constraints to fix those three parameters in the pion wave function. 
With the fixed pion wave function, we find that our numerical prediction for the 7*7 — > 7r° 
transition form factor agrees with the experimental data at low and moderately high energy 
scale. Furthermore, we make the numerical comparison between the transition form factors 
of 7*7T° — > 7 and 7*7 — > tt°, which gives the result that these two transition form factors are 
equal and indicates that these two processes have intrinsic relation while they are physically 
different. In addition, we also give the formulae of F 7 * 7 *_ >7r (Q 2 , Q' 2 ) and F^ n ^* (Q 2 , Q' 2 ), 
and find that they should have the same Q 2 and Q' 2 dependence, unless novel new physics 
beyond QED and QCD will be involved. 
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APPENDIX: DRELL-YAN-WEST ASSIGNMENT FOR SPIN PART 

In this appendix, we prove the applicability of the Drell-Yan-West assignment to the spin 
part as well as for the denominator. Supposing P is the momentum of the incident particle 
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at rest, P' is the momentum of the final particle, p\ and p 2 are for quarks, then p\ is struck 
by q into p[, so we have 

p'i = Pi + Q, 

P 2 = P2, ( 55 ) 
P' = P + q. 

The Drell-Yan-West assignment is to change the kinematics for the final particle from a 
moving frame to its rest frame: 



Pi — > Pi + Q - xq = pi + (1 - x)q, 

p' 2 -> P2 - (1 - a;)g, 
P' -> P. 



(56) 



For the denominators, the general time-ordered field theory framework and the Drell-Yan- 
West assignment give the same results respectively: 



D 
D 



A 2 + ql 

A 2 - 



m 



m 



1-x 



, m 2 + k' 2 m 2 + k' 2 



(57) 
(58) 



x 1 — x 

where k' ± = kj_ + (1 — x)q±. 

For the spin part, we can prove that the general field theory framework and the Drell-Yan- 
West assignment present the identical formulae, and the assignment is more straightforward 
to obtain the results. Taking the calculation of (P + ,Pj_)) for example in the general 
framework: 



we obtain 



«(Pi",Pi,ki + CLi) v (P2,P2,- k ±) 

75 1= : 



(59) 



'Pi 



s/Pi 

"I 



'Pi 



75' 



V Pi 

TpJ 



I +75" / ,+ 

VPl V P 2 



'P 2 



2mP+ 
4mx(l-x)P+ 2 ' 

2mP+ 
'4mx(l-x)P+ 2 ' 

2 (k L + (l-x)q L )P+ 
4mx(l—x)P+ 2 ' 

2(fc it +(l-x)q fl )P+ 
4mx(l-x)P+ 2 ' 



(60) 



VPi VPi 

which is equivalent to the Drell-Yan-West assignment of making the substitution of k' ± 



18 



kj_ + (1 — x)q± for kj_. 
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